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Abstract 

In this article we study holomorphic integrals on tropical plane curves in view 
of ultradiscretization. We prove that the lattice integrals over tropical curves 
can be obtained as a certain limit of complex integrals over Riemann surfaces. 

1 Introduction 

A tropical curve is a kind of algebraic curve defined over the tropical semifield T = 
RU {oo} equipped with the min-plus operations: 

"x + y" = min{x, y}, "xy" ^ x + y. 

The geometry over tropical curves was introduced by several authors [51 lllj . Among 
these works, the theory of integration over tropical curves was introduced byMikhalkin 
and Zharkov in [S] . According to their work, a holomorphic differential on a tropical 
curve is defined as a global section of the real cotangent sheaf (Definition 4.1 [9 ). 
Using the concept of tropical differentials, they derive the definition of a tropical 
holomorphic integral. 

As one of the applications of tropical geometry, a number of authors have tried 
to solve problems concerning integrable systems or dynamical systems by using the 
method of tropical geometry [H |2] . 

The bridge between integrable systems and tropical geometry is the method of 
ultradiscretization. Ultradiscretization is a kind of limiting procedure, which is usually 
described as — \im^^Q+ elog-. The two formulae 

- lim elogie-"^' ■ e-''/') = a + b, - lim e log (e'"/^ + e^^/^ = min [a, 6], (1.1) 

(a, b G R) are fundamental. Through ultradiscretization, we translate objects over C 
into the min-plus algebra. 

In this paper we study the tropicalization (or ultradiscretization) of holomorphic 
integrals over complex plane curves. Loosely speaking, the question we wish to answer 
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is: "Why is it that tropical integrals are able to tell us something about the behaviour 
of complex integrals?" 

Many researchers have studied the relationship between analytic curves and trop- 
ical curves. Katz, Markwig and Markwig studied the j-invariant of cubic curves 
and its tropicalization. For the genus zero and genus one cases, Speyer |12j proved the 
existence of an analytic curve tropicalization of which coincides with a given tropical 
curve in any ambient space. Helm and Katz [2| discussed the relationship between 
the tropical curve and the monodromy action on the Hodge structure. 

In order to make use of the established results for hypersurfaces (for example Viro's 
approximation theorem [5l[l3]), we restrict ourselves to tropical integral calculus over 
plane curves instead of considering more general tropical curves which have been 
studied by many researchers. The main theorem fTheorem l4.3.ip gives us the exact 
relation between them. (Figure [T|). 
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Figure 1: Theorem 14.3.11 shows us the direct relation between two kinds of "integrals" . 



Note : Throughout this paper, e is a small real parameter < e < 1. The 
symbol e denotes the real number e^^^^. A formal Puiseux series with respect to e 
is a formal sum of the form X^tl-n '^i^'^'^i where is a complex number and d is 
a positive integer. If a formal Puiseux series converges for e sufRciently small, it is 
called convergent Puiseux series. K denotes the field of convergent Puiseux series. 
The field K has the standard non-archimedean valuation val : ^ Q U {+cx)}. 
(val (0) = +oo). In this paper, we assume that all the Puiseux series considered are 
convergent, unless otherwise stated. 



2 Approximation of hypersurfaces 

2.1 PL-polynomials and tropical hypersurfaces 

The purpose of this section is to give a brief review of the method for the approxima- 
tion of hypersurfaces of algebraic tori given in |13j §6] . 

Let C be the complex number field and C" be the complex n-space. Throughout 
this paper, U denotes the unit circle {x G C | l^j 1}, and CR" denotes the algebraic 
torus {{xi,X2, ■ ■ ■ ,Xn) I xiX2 • • • a;„ 7^ 0}. 

For a small positive parameter < e < 1, define the maps l{e) : CR" — > R" and 
a : CR" ^ {/" (:= J7 X • • • X L/) by the formulae 

l{e){xi,. . . ,Xn) = (-elog|xi|, . . . ,-£log|a;„|), a{xi,...,Xn) = ( -p-r, . . . , . 
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It is clear that the map la{e) : CR" R" x [/" defined by x > {l{e){x), a{x)) is 
a diffeomorphism for any e. 

For u; e R and e > 0, denote by Qw e the transformation CR" CR" defined 

by 

Qu,,e(a;i, . . . ,a;„) = (e""'i/^a;i, . . . ,e"'""/^a;„), where w = {wi, . . . ,w„). 

We abbreviate the symbol Qw,e as Qw if there is no confusion. 

Let Tyj : R" R" be the translation x x + w. By definition, we can derive 
the relation 

la{e) o Q„, o ;a(e)-i ^ Tu, x id[/^ . (2.1) 



Our main object is an algebraic hypersurface of CR" defined by a Laurent poly- 
nomial, which is an clement of the ring C[xi, Xi^ , . . . , Xn, x~^]. Denote by Vcr" (/) 
the algebraic set in CR" defined by the Laurent polynomial f{xi, . . . ,Xn), and let 
Vwif) := VcR'.(/) n for a subset W C CR". 

For w — {wi, . . . , Wn) S Z" and ordered n variables x = (xi, . . . , a;„), we abbrevi- 
ate the monomial a;™^ • • -x^" as x'^ . Let {VcR"(/£)}e be an one-parameter family of 
algebraic hypersurfaces, where e is a positive real parameter and ~ fei^i, • • . , x„) 
is a Laurent polynomial with coefhcients depending on e. In this paper, we mainly 
consider the polynomials /e of the form: 

fe{x) ^ ^ a^u{e)x'^, x ^ {xi,...,Xn), a^{e) e K, 

where ayj{e) = except for finitely many u" G Z". We call this type of polynomial a 
parameterised L-polynomial, or pL-polynomial. 

Define a tropical polynomial Val {X; f^) associated with by the formula 

Val(X;/e):= min [val (a^) -f wiXi H |-w„X„], X = [Xi, . . . , Xn)- 

A tropical hypersurface defined by f^ is a subset of R" defined by 



P = (v4i,...,A„)eR" 



the function Val [X; f^) is not smooth &i X = P 



(2.2) 

(For explicit examples for n = 2, see Section IO]) . We denote this tropical hypersurface 
by TyR"(/e). 

Let a = {(X, Val (X; /e)) | X € R"} C R" x R be the graph of Val (X; f^). Clearly, 
a is the skeleton of an (n-|- l)-dimensional convex (unbounded) polytope. The tropical 
hypersurface TVr" (fe) is the image of the collection of (rt — l)-faces in a by the natural 
projection R" x R ^ R". 

2.2 Canonical expressions of pL-polynomials 

We define 1 1 f 1 1 I for a Laurent polynomial f{xi, . . . , a;„) = 

Let P = (Ai, . . . , An) be a point in R". There exist finitely many integer vec- 
tors ui^^^ . . . , g Z" such that the equations Val (P; /e) = val (a^,(,)) -I- w^'^^i -|- 
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• • • + Wn An, {i = 1, 2, . . . , a) hold. Let 8(P) be a set of these vectors. Define the 
polynomial ff by the formula //" = (e) x'^ . 

Remark 2.2.1 Because Q{P) — {w} implies the formula Val(X;/e) = val(au.) + 
wiXi + • • • + WnXn around X = P, the number of elements of Q{P) is always greater 
than one for P G TVR7^{f^). 

Wc note that the following two easy lemmas: 

Lemma 2.2.1 Let O = {0, . . . , 0) be the origin of R". Then, 

Val(P;/,)=Val(0;/,oQp), where fe o Qp{x) = fe{Qp{x)). 

It is clear by the definition of Val (P; /e). ■ 

Lemma 2.2.2 (fToQp)^ = /f o Qp. 

Let A = ay,{e)x^ and P = (Ai, . . . , Then, 

(/r^p)° = Eb a^e^^^^+-+^-^"x^ = E^ee(P) a^e^^^^+-+^"^"x^ = /f o Qp, 

where jl means '{w | val (ou,) + Aiwi H + AnWn = Val (O; fs o Qp)} '. ■ 

Next we consider the decomposition: 

By definition, the elements of the set 0(0) satisfy the following relation: w € 
6(0), u ^ 0(0) Val(0;/e) = val(a^) < val(at,). Therefore the pL-polynomial 
g-Vai(0;/e) can be decomposed as e^^'^^^^^'f^^ f^ — fi + /2, where 

and /2 = J2u, s.t. val {b'{e)) > 0. 

Seeing the facts that i) val {a{e)) = <^ lim£^Q+ a{e) G C \ {0}, ii) val {a{e)) > 

lim£^o+ fl(^) = for ^(^) € we can decompose uniquely the pL-polynomial 
e-v-i(0;/e)/^ as: 

g-Val(0;/.)^^^^0^^(^^)^ (2.3) 

where /"^ is the Laurent polynomial lime^o+ e~^'^^^^'^^^ f^ and ||A(/£)|| becomes to 
zero when s — > 0+. Of course, f'~' does not depend on e. 
We can derive a more general formula soon: 

Proposition 2.3 Let fe be a pL-polynomial and P be a point in R". Then the pL- 
polynomial e^^'^'^^'-^^^/e o Qp is uniquely decomposed as: 

^-v.HP;fs)f^ oQp = fP + A(/, o Qp), (2.4) 

where f^ is the Laurent polynomial lim£^o+ e~^^^^^'^^'> f^ o Qp and \\^{fe ° Qp)\\ 
becomes zero when e ^ 0+ . 
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To prove this, it is sufRcient to substitute fe^fe°Qp^o (|2.3p and to use Lemmas 
[lXl]and[2221 ■ 



Hearafter we denote 7^^(/e) := g-"^^' (^'-^-'/e o Qp and A(/e o Qp) for 

simplicity. Then ()2.4p is expressed as 7l^{f^) ~ + A^. We call this expression 
the canonical expression of f^ at P. The Laurent polynomial f^ is considered as 
the 'main part' ofTZ^{fe). We call it the P-truncation of fe- Note that TZ^{fe) is 
continuous with respect to e and P, but f^ and A-^ are continuous with respect to e 
only. 

2.4 Approximation theorem (local version) 

Let M be a smooth submanifold of a smooth manifold X. A tubular neighbourhood 
of Af in X is a submanifold N C X such that (i) A/ C IntiV, (ii) there exists a 
smooth retraction p : N ^ M such that p~^(a:) is diffeomorphic to the (dimX — 
dim A/)-dimensional ball for any x £ M. If X is equipped with a metric, a tubular 
neighbourhood N of Af is called a tubular ^-neighbourhood when any fibre p^^{x) is 
contained in a ball of radius fi centred at x. 

Now we introduce a flat metric into the space R" x [/". Let c?Rn be the distance 
function over R" defined by Euclidean metric and djj^ be the distance function over 
defined by the standard flat metric of torus U. Define the distance function 
'dist(£)' over R" x [/" by the formula dist(£) := e~^dRn + dfy™. When a tubular 
neighbourhood contained in R" x [/" is also a tubular /i-neighbourhood with respect 
to dist(£), it is called a tubular s) -neighbourhood. 

Remark 2.4.1 Readers might suspect that it would be unnecessary to define such a 
complicated distance dist(e). In fact, it is enough to consider the simpler distance 
function d-Rn -\-du" in order to prove the approximation theorem ] 2. 6. 3[ However, this 
is an essential procedure for the method of approximation. See Remark \2.6.1i 

The main role of tubular neighbourhoods is to formalise the approximation of 
hypersurfaces of R" x [/". For later arguments, it is convenient to consider some 
special class of tubular neighbourhoods. The tubular neighbourhood p : N ^ M 
is called normal if (i) any fibre p~^{x) consists of segments of geodesies, (ii) any 
fibre p~^{x) intersects with M orthogonally at x. Note that two normal tubular 
neighbourhoods p : N ^ M and p' : N' ^ M coincides with each other on N H N' . 

Denote the subset {x — {xi, . . . ,Xn) G CR"|l/r < \xi\ < r, Vi} by D{r) for 
a positive number r > 1. Let A be a finite subset of Z", and / = X^mjga"^™^'" 
and g = J^wgaI^-w^^ be Laurent polynomials. Define F := f + g. We consider the 
behaviour of two algebraic sets Vcr" {F) and Vcr" (/) when | \g\ \ goes to zero without 
changing /. Assume that Vcr"(/) is a smooth hypersurface of CR". Standard 
arguments based on the Implicit Function Theorem give us the following lemma: 

Lemma 2.4.1 Fix r > 1 arbitrarily. Then, for arbitrary fiQ > 0, there exists a 
positive number Sq such that: 




^D(r){f) is smooth section of 

a normal tubular iJ,o -neighbourhood N — > V]j(j.){F). 
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We call fe non-singular if there exists a positive number 6 > such that e G 
(0,(5] VcR"(/e) is non-singular, and we call totally non-singular if, for all P £ 
2^^R"(/e)i is non-singular (with the usual meaning). 

Remark 2.4.2 Totally non- singularity does not imply non- singularity. 

Recall that la{e) : CR" R" x [/" is a diffeomorphism between two topological 
spaces. The following theorem is an essential part of the method of approximation. 

Theorem 2.4.2 (Approximation theorem at the origin) Assume that is a 
non-singular and totally non-singular pL-polynomial, and that the origin O = (0,. . . ,0) 
of IV' is contained in rVR,n(/j). Let TZ'-' — -f A*^ be the canonical expression 
of fe fl^ O. Then for arbitrary /i > 0, there exists a positive number S > such that 

||A°|| <5^ 

There exists an open neighbourhood of O G R" such that 
{We X C/"}n {^a('^)(^CR"(/°))} *s a smooth section of 
a tubular (/i, e) -neighbourhood N {W^ x J7"} p| {Za(£)(VcR" (/e))} ■ 

Moreover, we can assume that the preimage of this tubular neighbourhood by la(e) is 
normal. 

Fix a positive number r > 1 arbitrarily and let /iq := {'i.^Jnr)^^ ■ /i. To begin with, 
note that we can derive soon the following relation by direct calculations: 

distcR"(a,/3) < Mo, a,l3£D{r) dist(e) (;a(e) (a), ;a(e) (/?))< m. 

By Lemma 12.4.11 there exists a small number S > such that ' 1 1 A*^ 1 1 < (5 ^ 
^D(r)(/'^) is a smooth section of a normal tubular /ip-neighbourhood J\f — » VD(r)(/e) 

i=VDir){n"fe)y- 

Therefore, it is sufficient to define := l{e){D{r)) and N := la{e){J\f). Clearly, 
we have We 3 O. ■ 

The slight extension of Theorem 12.4.21 can be proved: 

Corollary 2.5 (Approximation theorem (local version)) Assume fe is a pL- 
polynomial satisfying the same condition stated in Theorem \2.4.2\ Let P be a point 
in TV-R,n{fe) and TZ^ fe — f^ + A^ be the canonical expression of fe at P. Then for 
arbitrary fi > 0, there exists a positive number 5 > such that 

\\ap\\<s^ 

There exists an open neighbourhood We of P G R" such that 
{We X U"}f]{{Tp X ida") o /a(£)(VcR"(/^))} is a smooth section of 
a tubular e) -neighbourhood N — > {We x [/"} p| {la(e)(VcR" (/e))} ■ 

Moreover, if f^ — f'^ (P,Q G TVn^ife)), can take same 6 for these two points. 

Let T := Tp x idijn. To prove the first statement, it is sufficient to to apply Theorem 
l2.4.2l to the canonical expression TZ^{fe) = f^ + and to use the following equation: 

f o la{e){V{n''fe)) = fo la{e){V{fe o Qp)) = fo la{e) o Qp\V{fe)) = la{e){V{fe)). 
The second statement follows from the fact that T does not change the metric. ■ 
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2.6 Approximation theorem (global version) 



Theorem 12.4.21 and Corollary 12.51 show us the existence of a small region in which 
two varieties VcR'>(/e) and Vcr"(/^) are 'similar'. We extend this region by gluing 
tubular neighbourhoods. 

As mentioned above, the tropical hypersurface TV-Rn^fi,) is an union of finitely 
many (not necessarily bounded) (n — l)-faces. This tropical hypersurface is an image 
of (n — l)-faces of a convex (n + l)-polytope by the projection R" x R ^ R". There- 
fore, naturally rVR"(/e) has a cell decomposition. We express this decomposition as 
TVRn(f^) — Xx formally. The index set A is finite. 

Lemma 2.6.1 For Pi,P2 G X\, the truncations f^^ and f^^ coincide with each 
other. 

Let a G R" x R be the graph of Val {X; f^) and p : a ^ R" be a restriction of the 
projection R" x R ^ R" to a. 

Assume /^^ ^ f^^. This means Q{Pi) ^ 6(^2)- We can assume w — {wi, . . . , w„) 
G ©(-Pi) and w ^ Q{P2)- It follows that p^^{Pi) is contained in the face a fl 
{Val {X; /e) = val (a^,) + wiXi + • • • + and that p~^{P2) is not. Then Pi and 

P2 are not contained in a same cell. ■ 

We say that a smooth submanifold 14 C AT is {11, e)- approximated by another 
smooth submanifold V2 C X around a point P E X ii there exists an open neigh- 
bourhood W 5 P such that n V2 is a section of a tubular (/i, e)-neighbourhood 
N ^ W OVi. By Corollary 12.51 and Lemma 12.6.11 there exists positive d (that does 
not depend on P because A is finite!) such that 

llA^II < (5 (/i, £)-approximated by {Tp x id) o la{e){V{f^)) 

" " around P. 

Lemma 2.6.2 There exists a positive number C such that e € (0, C] ^ 11^^ 1 1 ^ 

s, VPerFR.(/,). 

Fix a small < £ < 1. (Then e — e^^^^ < 1). It is sufficient to prove that 
{llA-Pjl |Pe A-a} has an upper bound for each X\. (Note that A is finite). Clearly, 
1 1 A^ 1 1 is continuous with respect to P & Xx- 

(i) When the closure of X\ is compact, it is sufficient to confirm the fact that 
limp^gxx ll^''^!! is finite. 

(ii) When Xx is unbounded, we should consider the behaviour of ||A^|| when 
\P\ — > 00. The pL-polynomial A^ is of the form 

J2' gVal(a„)+«;iPi+---+u;„P„-Val(P;/^)^t« 

where w runs over all the element of Z" such that val (a„,) -I- wiPi -I- • • • -I- WnPn — 
Val(P;/j) > 0. Therefore, when P goes infinity along Xx, the function val(a„) -|- 
wiPi + • • • -I- WnPn — Val (P; /e) should grow to infinity or be constant. Then the limit 
lim|p|^oo.PeA'A 1 1 ^'^11 should be finite. ■ 



Recall that two normal tubular neighbourhoods (or their images by la{e)) coincides 
with each other on their intersection. By gluing these local tubular neighbourhoods, 
we obtain a global tubular neighbourhood which gives us the approximation theorem: 
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Theorem 2.6.3 (Approximation theorem (global version)) Let be a non- 
singular and totally non-singular pL-polynomial. Denote the canonical expression of 
at P by TZ^ fe = /^ + A^. Then for arbitrary /i > 0, there exists a positive number 
C > such that 

(0,C] 

f There exists a tubular {fj,, e) -neighbourhood N — > ^a(e)(VcR" (/e)) such that \ 
\ {Tp X idu") o /a(e)(VcR" (/^)) is a smooth section of it around P. J 

Remark 2.6.1 For two distinct points a, (3 ofV{f^), the distance 

dist(£)(Za(e)(a), la{e){(3)) 

does not depend on e. (Recall the definition of la{e)). This fact is the reason we de- 
fined the seemingly complicated distance dist(j). If this distance were not independent 
of e, Theorem \ 2. 6. 3\ would not give us any approximation of hyper surf aces. 

2.7 Surjectivity theorem 

In this section, we introduce the surjectivity theorem without proof. For details, the 
reader should consult the following references: Einsiedler, M. Kapranov, M. and Lind, 
D. [U; Payne, S. [10]. 

Let fe{x) be a pL-polynomial in n valuables xi, . . . ,Xn and TZ^ f^ = f^ + be 
its canonical expression at a point P = {Ai, . . . , An) in TV[in{fe)- Then we have the 
following theorem. 

Theorem 2.7.1 (Surjectivity theorem) Let p = (pi, . . . ,p„) e Vcr"(/^)- Then 
there exist n Puiseux series pi — pie^^ + p'^e"^^ + p"e"*i -\~ pn — Pn^^" + 

p^e-^" H such that {pi, . . . ,p„) e Vcn^ife)- 

This theorem states information about pointwise convergence of Vcr" (/e)- Briefly, 
the approximation theorem 12.6.31 deals with global information of VcR"(/e) and the 
surjectivity theorem 12.7.11 deals with local information. 

3 Plane Curves over K and Tropical Curves 

In the rest of this paper, we consider the two-dimensional case. In this case the 
varieties VcR2(/e) and Vcr2(/^) are complex curves (or Riemannian surfaces) con- 
tained in the algebraic torus CR^. We assume Vcr2(/6) is non-singular and totally 
non-singular unless otherwise stated. Now we denote Vcr2(/£), Vcr2(/^), TVR2{f^), 
. . . etc. by V{f,), V{fP), TV{f,), . . . etc. for simplicity. 

Recall that K is the Puiseux series field with the standard non-archimcdean valu- 
ation val . Define the multiplicative group := {x G K \ val (x) — 0}. Any element 
x of i?^ tends to a finite non-zero complex number when e tends to zero. Denote the 
limit by top (x) . Let 

/e(^,y)=E^oa»(^)y'^"' =aoix)y^+aiix)y^-^+---+aNix) (3.1) 
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be a polynomial over K. As K is algebraically closed, (i — 0, 1, ... , N) has the 
expression: 

a,{x) = ce^'x™' rijLi (2; - w.j-e^''^ ), ^ G i?^ A„ ^ G Q, m, e N. (3.2) 

Define the algebraic curve := V(f,). By changing variables x 1-^ xe~^ and 
y i-^ ye^^ {R,R' 0), we can assmxie Ai,Bij > without loss of generality. In 
the present paper, we investigate algebraic curves over K which satisfy the following 
genericness condition: 

Genericness condition. The numbers top(Mij) Vi, j are all distinct. 



For the proof of our main theorem 14. 3. 11 we will impose a slightly stricter condi- 
tions on the curve. We discuss these conditions in the appendix. 



3.1 Examples 

We first give some examples of plane curves over K and their tropicalization. These 
examples show us how to approximately reconstruct the plane curve from its tropi- 
calization. 



3.1.1 Example (I) 

Let Ce be the curve defined by the pL-polynomial 

f,{x, y) = {x + e)y^ + (x + e^){x + e^)^ + = 0. (3.3) 
The tropicalization of is 



TV{!,) := (x,r)eR 



min [X + 2Y,2Y +l,2X + Y,X + Y + 2,Y + 5, 8] 
is not smooth. 

(3.4) 

Let us denote this variety by Trop C simply. Figure [2] shows Trop C. Trop C has 
four vertices a — (1,1), /3 — (2, 4), 7 ~ (2,3) and 5 — (2.5,3.5), and has one closed 
loop. We use the term ^^edge" only when it means a segment of finite length. Edges 
of infinite length shall be called leaves hereafter. The genus of Trop C is the number 
of independent closed cycles over TropC. In this case, genus(TropC) = 1. 

The canonical expression of at a is TZ"/, = {xy"^ + y'^ + x'^y) + {exy + e^y + e'^y + 
e^). By the approximation theorem l2.6.31 the curve la{£){Ce) is approximated by the 
translation of la{e){V{f°')) = la{e){V{xy'^ + y'^ + x^y)) la{e){Vc-R2[xy + y + x"^)) 
around a. Similarly, around the points (3,j,S e TropC, la{s){Cg) is approximated 
by la{e)(y{x^y + xy + l)), la{s){V {y + x^ + x)) and la{e){V{y'^ + xy + l)) respectively. 

Figure Elshows four 'local' Riemannian surfaces V{f°'),V{f'^),V{P) and V{f). 



According to the approximation theorem, we can approximately draw the form 
of the Riemannian surface Cg for small e > 0. Gluing the local data in Figure [3] 
along TropC (Figure [2]), we can sketch Za(e)(Ce) (or Cg which is diffeomorphic to 
^a(e)(Ce)) as in FigurelH Four small spheres, four long cylinders and five horns make 
up the figure. For later arguments, we take the completion of that is a compact 
Riemannian surface. 



9 



o 



1 



X 



Figure 2: The variety TropC. It consists of four vertices, four edges and four leaves. 
The genus of Trop C is one. 




Figure 3: 'Local' Riemannian surfaces. All of genus 0. The points {x, y) satisfying 
x = oo,Oory = oo,0 are described in the figure. 




Figure 4: A sketch of (the completion of) Cg consisting of four spheres, four cylinders 
and five horns. 
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3.1.2 Example (II) 



Let us consider 

C,:y^ + {x + e'*)y2 + e^{x + e){x + 2e)y + e^" = 
and its tropicalization: 



(3.5) 



Trop C : min 



3Y, X + 2Y,2Y + 4:,2X + Y + 2, 

x + y + 3,y + 4, 10 



is not smooth. 



TropC has three vertices a = (1,6), (3 — (1,3) and 7 = (2,2). The truncations 
associated with these points are: f°' — {x + l){x + 2)y + 1, /'^ = xy"^ + (x + l)(a; + 2) 
and = y^ + xy"^ + 2y respectively. Figure [5] displays an approximate sketch of (the 
completion of) C^. Although is of genus one, the genus of TropC is zero. This 
difference comes from the edge which connects a and /3 in Trop C. Two long cylinders 
are associated with this one edge. 




(-2,0) ((X3,0) 




(-1,00) (-2,00) (00,00) {0,00) (00,00 
Figure 5: The sketch of C^. 




(0,iV2) 



|0 



(0,-i%/2) 1^ 



In both examples above, the shapes of Riemannian surfaces V{f^) [P is a vertex 
of TropC) are essential for drawing C^. We denote these Riemannian surfaces by 
Riemannian sub-surfaces. 
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In example (II), there exists an edge associated to two cylinders. This property 
reflects the fact that: For P = {l,Y) G TmpC {3 < Y < 6), the variety V{f^) = 
V{{x + l){x + 2)) ~ V{x + 1) ]J V{x + 2) consists of two irreducible components. In 
such a case, we call the edge a/? of multiplicity 2. 

Here we remark on the behaviour of sub-surfaces. It may happen that a sub- 
surface is reducible or of genus more than 0. In these cases, the genus of TropC 
becomes inferior to the genus of C^. 

The following definition is given for Section [4l 

Definition 3.1.1 A curve over K is called non- degenerate if all of its Riemannian 
sub-surfaces are irreducible and of genus 0. 

3.2 Multiplicity of tropical edges 

In this section, we define the vertical thickness, the horizontal thickness and the 
multiplicity of tropical edges. 

3.2.1 Vertical and horizontal thickness 

The 'Val' function associated with the pL-polynomial ai{x) p.2|) is expressed as 

Ya,\{X;a,) ^ A+m,X + Y.f=irnm[X,B,^,], (i = 0, 1, . . . , TV). (3.6) 

Let Fi{X) :— Val (X; /e). Then the defining condition of TropC is expressed as 

TropC : min,=o,...,A'[-Fj(^) + {N ~ i)Y] is not smooth. (3.7) 

Of course, we have Val(V, V;/^) = mini^o....,Af [-^i(-'^) + (V — i)Y]. Define the do- 
main Si C (« = 0, 1, . . . , V) by 

S),; := {(V, Y) I Val (V, V; /,) = F,{X) + {N - i)Y) . 

The domains Di separate the plane into at most V + 1 pieces: R^ = IJiLo 

i < j, {x, yi) G Si and {x, yj) G S)j then yi < yj. (■.• From the definition of Di and Dj, 
wehave Fi{x) + {N-i)yi < Fj{x) + {N -j)y, and Fj{x) + {N -j)yj < Fi{x) + {N -i)yj. 
It follows that [j — i)yi < {j — i)yj.) Let us define the piecewise linear function Afi{X) 

ii = 1, 2, . . . , V) defined by the relation ^^^{X) = minj>j{y | (V, Y) € £» J. Note 
that M+i(V) > M(V) for all X. 

Using the function A/i (X), we obtain an another expression of Trop C. We formally 
regard AfN+i{X) := +oo and A/'o(X) :— — oo for any X. 

Proposition 3.3 Let Li,j be the vertical edge which connects 

{B,j,Af,{B,j)) and (B,j,7V;+i(B,j)). 

Then, the set ^IJiLi — U ^IJi j coincides with TropC. 

Remark 3.3.1 If Afi{Bi,j) — Afi+i{Bij), then Lij = {a point}. 
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Let Gi := {{X,Y) e | y = Afi{X)}. Because it is obvious, by definition, that 
TVopC D (utiG»), it is sufficient to prove TropC \ (U=i G.) = (Uj -^»j)- 

Choose a connected component O of \ |^lJiLi ■ The domain O is contained in 

D° for some i, where S° is the set of inner points of Di. For any point {X, Y) in O, 
it follows that Val {X, Y; f^) = F,{X) + {N~ i)Y. Then, a point (X, Y) G Trop Cn O 
must be a point at which Fi{X) is not smooth. Because the function Fi{X) (|3.6p is 
not smooth iff X = ^ij'i we conclude that TropC \ ^lJt=i consists of the sets 
{X = B,^,}r\O^L,^j. ■ 



By use of Proposition [331 we introduce the vertical thickness of edges. 

Definition 3.3.1 Let E C TropC he an edge. We call the number (j {i | £' C Gi] 

vertical thickness of E. In other words, the vertical thickness of an edge E is a 
difference of the maximum element and the minimum element of the set 

{W2 G {0, . . . , iV} I Val [X, Y; /,) = val (a„) + wiX + W2Y, V(X, Y) e E} . 

For example, the vertical thickness of a vertical edge is 0. 

Lemma 3.3.1 The vertical thickness of E equals to the degree of the projection 

V{f'')~>C\{0}; {x,y)^x, PelntE. 

First note that the truncation (P G Int E) is determined uniquely by Lemma l2.6.1l 
The Laurent polynomial f^ is of the form f^ = ^c^x'^^y^^ , where w = (it;i,W2) 
runs over the set {w | Val (X, F; /e) = val(ai„) + wiX + W2Y, V(X, F) G E) and 
Cto is a non-zero complex number for any w. Because the degree of the projection 
X : V{f^) ^ C \ {0} equals to the difference between the maximum degree and the 
minimum degree w.r.t.y consisted in the desired result is obtained. ■ 



Let Cj := V{fe{y, x)) be the curve obtained from G^ by switching the x and y 
coordinates. For an edge E C Trop C, we define the horizontal thickness of E by 
the vertical thickness of E^ C TropC^ which is the image of E by the morphism 
{X, Y) I— > (Y, X). For example, the horizontal thickness of horizontal edges is 0. 

3.3.1 Multiplicity 

As in example (1) in Section [3. II above . it may happen that more than one cylinders 
(or horns) are associated with one edge (or one leaf). 

Definition 3.3.2 Let E C TropC be an edge {resp. a leaf). The multiplicity of E 
is the number of cylinders {resp. horns ) associated with E. 

Let E C TropC be an edge (resp. a leaf) of multiplicity m, and P be a point 
in Intii'. By the approximation theorem I2.6.3( the variety V{f^) must be de- 
composed into TO irreducible components: V{f^) = V{f[')Y[' ■ ■Yi^ifm)^ where 
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f^ = fi ' ' ' fm- We often regard the edge E as the union of distinguished m edges: 
E — EiU ■ ■ - U Em (See Figure[5]in Sectiond]), where each Ei corresponds to V{ff) 
[P G Int E) and is taken to be of multipHcity one. 

Define the vertical thickness of Ei as the degree of the projection: V{ff ) 
C \ {0} ; (x, y) I— > X. Denote the vertical thickness of Ei by qi. Naturally, qi + - ■ ■ + qm 
equals to the vertical thickness of E. Similarly, we can define the horizontal thickness 
of Ei as the vertical thickness of Ef. 

The following definition is given for the next section. 

Definition 3.3.3 Let Li_j be the vertical edge which connects (Bi_j,Mi{Bi,j)) and 
(Bij,Afi+i{Bi^j)). The ceiling of Lij is the set Gi+i = {{X,Y) \ Y = Afi+i{X)} and 
the floor o/lIj is the set G, = {ix',Y) \Y ^AfiiX)}. 



3.4 Regularity of tropical curves 

Let P = (Xo, Yo) be a point in Trop C = TVif,), where /. = E^=(«,i.^,)ez^ a^x^^y^- . 
Considering the set 9(P) = {w e | Val (Xq, Fq; /e) = val(a^) + wiXq + W2Y0} 
fSection 12. 2p . we have ttO(P) > 2 fRemark 12.2. ip . More precisely, the number of 
elements of 6(P) satisfies the following inequalities: 

i) P is an inner point of some edge of Trop C ^ jJ6(P) > 2, , . 

ii) PisavertexofTropC ^ tte(P) >3. ^ ' 

These inequalities reflect the fact that the intersection of (generic) two planes is an 
line and the intersection of (generic) three planes is a point in R"^. 

In the present paper, we often assume some genericness condition on the defining 
polynomial of Trop C. 

Definition 3.4.1 The tropical plane curve TV^(/e) is regular if the equalities in ^3.8^ 
hold. 



4 Integration Theory 

The integration theory over tropical curves was first introduced in 9 . Hereafter we 
will show that the ultradiscrete limit of holomorphic integrals over coincides with 
the holomorphic integral over Trop C (for of some type) . 

4.1 Definition of the holomorphic integral over tropical curves 

In this section, we give a brief introduction to integration theory over tropical curves, 
following [1[9]. 

We first equip Trop C with the structure of a metric graph. Let E be an edge of 
TropC. P has the expression £; = {(Xo,Fo) + ^(u,^) I < t < £}, {u,vGZ). It can 
be assumed that u and v are coprime without loss of generality. We call the vector 
{u,v) the primitive vector of E. We define a tropical length £t of E by £t{E) := £. 
With this length the tropical curve Trop C becomes a metric graph. 
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The metric on TropC defines a symmetric bilinear form £t{',') on the space of 
paths in TropC. For this, we define £T(r,r) :— ^T(r) for non-self-intersecting path 
r, and extend it to any pairs of paths bilinearly. Figure [6] shows an example of £t{-, •)• 
Note that the number [^^(ri, r2)| equals the tropical length ^T(rinr2). This bilinear 
form gives the tropical length of intersection of two paths up to sign. 







i2 












Fi 



Figure 6: Example of a metric graph. We have ^t(Fi,Fi) — di + + £5 + £q, 

^T(r2,r2) = £2 + 4 + 4 + ^7 and €T(ri,F2) = £T(F2,ri) = -4- 

Let g be the genus of Trop C and choose a homology basis 

T/3„...,T;3^ e Hi (TropC; Z). 

A tropical period matrix Bt is the g y. g matrix defined by Bt '■— i£TiTf3-,Tf3^))ij. 
Since £t is non-degenerate, Bt is symmetric and positive definite. 

Here, we note the relation between the tropical length, the multiplicity and the 
vertical thickness of the edge in Trop C. Let 

E:={iil-t)Xo + tXi,{l-t)Yo + tYi)\0<t<l,Xo<Xi} 

be a non- vertical edge of vertical thickness q and of horizontal thickness w. From 
the definition of vertical thickness and horizontal thickness, it follows that E is part 
of the line defined by the equation: aX + bY + c = {a + w)X -I- (6 ± q)Y + c' (see 
Definition [3Xl|). 

Lemma 4.1.1 Let ^ :— g.c.d. {q,w). Then the tropical length of E is expressed as: 

IriE) = i{Xi-Xo). 

We can assume {Xo,Yo) = (0,0) by translation. Then we obtain wXi — ±qYi. Let 
77 := g.c.d.(Xi, Yi) and 

i Xi^ xrj ( q = fJ-^ 

\ yi^yn ' \ w = I'S, ' 

Then, we conclude fj, = x and ly = y hy elementary arguments. From the definition 
of the tropical length we obtain 

iriE) = g.c.d.(Xi, Fi) = 77 = ^ = ^X,. 
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Next, we introduce affine transformations of tropical curves. Let T be a tropical 



For the complex curve {f^ix^y) — 0}, this transformation associates with the trans- 
lation X x^y~^ y I— > x~''y", which is invertible and holomorphic. In particular, Li 
is also a tropical curve associated with fe{x^y~^ ,x~''y") — 0. 

Concerning such afBne translations, we have the following fundamental result. 

Proposition 4.2 Let 9 G M2(Z) fee a 2 x 2 matrix with det9 = 1. Then 
(i) The length of an edge is 6-invariant. 

(ii) For an edge L e R^, there exists 9 g M2(Z) such that 9 ■ L is vertical. 

(i) Let {u,v) be a primitive vector of the edge L g R^. It is sufficient to prove that 
the image 9(u,v)'^ = {au + I3v,^u + 5v) is also primitive. For this, we have only to 
prove g.c.d.(Q!U + /3f,7u + 5v) = 1. This can be proved by elementary methods and 
we omit the proof. 



Remark 4.2.1 The vertical and the horizontal thickness of an edge depend on the 
coordinate functions X and Y . 

4.3 Main theorem 

Now we proceed to integration theory over = V{fe). In order to make the problem 
easier, we deal only with the case where: 

i) is non-singular and totally non-singular (Section [2|), 

ii) Ce is non-degenerate, 

iii) Trop C is regular. 

Conditions i)-iii) and the genericness condition (Section [3]) lead to the following 
properties (see Appendix): 

iv) for each edge E, m = g.c.d.{q, w), where m, q, w are respectively the multiplicity, 
the vertical thickness and the horizontal thickness of E, 

v) for each edge E — EiIL ■ ■ ■ IL Em, qi — ■ ■ ■ — qm, wi = ■ ■ ■ = w„i, where qi, Wi 
are the vertical thickness and the horizontal thickness of E. 




set 



U := {9{X, Y f e R2 I {X, Y) e T}. 



that vz + wu — 1. 



(ii) For the primitive vector 
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Remark 4.3.1 The curves C introduced in Examples (I) and (II) in Section \3.1\ 
satisfy these conditions. 

We say that has a good tropicalization if and Trop C satisfy the genericness 
condition in Section [3] and conditions i)-iii) above. 

Remark 4.3.2 The conditions i) and ii) are necessary conditions to construct the 
integration theory. The condition Hi) is required for simplicity of the calculations. 
(The author is not sure whether the condition Hi) can be omitted.) 

By the approximation theorem 12.6.31 there exists small C > such that all 
(e € (0,0) are homotopic. Hereafter e denotes a small real number which satisfies 
< e < C unless otherwise is stated. 

Let g be the genus of C^. Define homology cycles ai, Q!2, . . . , ctg £ Hi{Ce \ Z) as in 
Figure[7l Any cycle is associated with a long cylinder connects two sub-surfaces. Next 
define the homology cycles /3i, /?2, . . . , /3g S Hi{Ce] Z) such that the intersection index 
ai o (3j is (5i.j, in a canonical way. We assume the cycles ai = ai(e) and (5i — /3i(e) are 
continuous with respect to e. Denote the normalised holomorphic differentials over 
Ce by wi, 0)2, . . . , (J^ LOj = Sij). The period matrix of the Riemannian surface 
Ce is the g X g matrix defined by B,. := ( L. 




Figure 7: An example of the definition of ai, . . . , a^; . . . , /3g in H^{C ; Z). We 
always consider that an a-cycle surrounds a cylinder. 

Now we state the main theorem of this paper. Take a homology basis T^^, . . . , 
e i/i(TropC; Z) associated with a homology basis (3i,. . . ,(3g E Hi{C ; Z). If 
more than one cylinder can be associated with one tropical edge, we say that hid- 
den edges and cycles exist here (see Figure [S|). When we define homology cycles in 
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Figure 8: If there exist an edge with multiphcity m > 1, we regard this edge as the 
union of m edges of multiphcity one. 



i?i(TropC; Z), these edges must be distinguished. RecaU that we regard an edge E 
of multiphcity m as the union: E — EiU E2JI ■ ■ -Jl Em- Let Bt ■= {iT{Tfj-,Ti3.))ij 
be a period matrix of Trop C. 

Theorem 4.3.1 If C'^ has a good tropicalization, then 

Be ^ -^Bt {e ^ 0). 
The rest of this paper is devoted to the proof of this theorem. 



Preliminaries for integral calculus 

In this section, we study integral calculus over V{fe) and the asymptotic behaviour 
of integrals when e tends to zero. For a pL-polynomial /e, let us define the variety 
V{f) :— {{x,y,£) e CR^ x (0, 1) | /^(a;, y) = 0}. Denote the natural embedding 
CR2 ^ CR2 X (0, 1) ; {x,y) i-> {x,y,e) by je- Naturally it follows that ij'^{V{f)) = 
Vife). 

Let U C V{f) be a simply connected domain and lo^ be a 1-form over U such that 
i) We is a holomorphic differential over j~^(U) = IA C\ and ii) lj^ is continuous 

with respect with e. By elementary arguments in complex analysis, we can prove the 
existence of a primitive function fig of . The integration of along a smooth path 
[0, 1] ^ j7H^) ; S ^ 7e(6') is defined by the formula /^^ uj^ ■= f^e(7e(l)) - ^ehdO))- 

Let (0, 1) X [0, 1] ^ V{f) ; (e, 9) ^ -fe{9) be a smooth map such that 7^(6!) € V{fe) 
for all e and 9. Our aim in this section is to evaluate the asymptotic behaviour of the 
value uje when e goes to zero. 

Due to the surjectivity theorem 1 2. 7. 1[ more detailed information can be added to 
the definition of a path on V{f). Let vi — {Xi,Yi) and V2 — {X2, Y2) be two points 
in TropC = TV{fe) and W^fe = f"' + A"' (i = 1, 2) be the canonical expressions of 
fs at Vi. 
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Consider a path 7' : [0,1] V{f^^) on the variety V{f'"^). By the surjectivity 
theorem, there exists the smooth map (0, 1) x [0, 1] V{f) ; (e, 9) > 7e(0) such that 

je{e) = {xMe''\yMe''')eV{f,), and Um y^^)) 7 (V^), 

where Xe{9), ye{9) S for any 9. We often abbreviate the above notation as 7(6') = 
(xe"^^, ye^^) x,y £ if there is no chance of confusion. 

Similarly, if V{f) is connected, for two points {xi,yi) G V{f'"^) and {x2,y2) & 
V{f '"^), there exists a smooth map (0, 1) x [0, 1] -> V{f ) ; (e, 9) ^ -/,{9) such that 

7e(0) = (xi,ee^Syi,ee^O, 7£(1) = (x2.£e^% y2.£e^^), 

and lim£^g+ (xi^e, j/i^e) — > (xi,yi). We often use the notation j^^^^ uj instead of 
if the meaning is clear. 

4.3.1 Approximation of integral calculus 

In the rest of this paper, hij denotes uji. 

Let 6 be the set of 1-forms over V{f^) such that i) e 6 is a meromorphic 
differential over j'^^{V{f)) = V{fe), ii) G S is continuous with respect to e. 
Define the subsets M and J- by the formulae 

M:={uje<^& \ J^^ uje = Ti,j=i clj{e) hj, where - \im,^o+ elogclj > 0, Vi, j, k}, 
T e 6 I limg^o+ I /^^ '^£| < +00, Vi}. 

It is clear that they are i?^ -vector spaces. 

Remark 4.3.3 // the main theorem \4-3.1\ is true, is follows that M. d T . 

We say a differential over Riemannian surface is 0/ the first kind if it has no 
singularity, of the second kind if it has poles without residue and of the third kind 
if it has poles with non-zero residue. For the proof of the main theorem, we start 
with differentials of the third kind. Let P+, P_ be two points on C^. A smooth curve 
Ce has the normalised differential of the third kind LOp^^p_ — ujp^-p_ (e), possessing 
simple poles with residue +l/(27ri) at P+ and — l/(27ri) at P-_, and holomorphic over 
Ce \ {P+,P_} satisfying J^,ujp^-p_ = {i = 1, 2, . . . , g). Generally, for n points 
Pi, . . . , P„ e and complex numbers Ci + ■ ■ ■ + Cn = 0, there is a unique normalised 
differential WciPih hc„p„5 with residue c,;/(27ri) at P^ (i = 1, . . . ,n). 

Recall that a point in {x = cx), 0} U {y = 00, 0} is associated with a leaf in TropC. 
(cf. Section [S3D. 

Lemma 4.3.2 Let P+,P^ €E Cg are two points in {x = 00} U {x = 0} U {y = 

00} U {y = 0} which are associated with the same leaf in Trop C. Then it follows that 

ujp^-p_ £ M+ T. 

Let L C TropC be the leaf which includes P±. By rotation, L can be assumed to be 
vertical tending toY = -f 00: L = {(P, i^) | ^ > Nn{B)}, where Mn{X) is a tropical 
function as defined in Section [3l Hereafter, we denote this function by M{X). 
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Let fe{x,y) = I]iIo"i(^)y^~*'"^w(^) = ce^x'^ll'j^-^{x-Uje^^), {c,Uj &R'^,m& 
N>o,v4, e Q>o) be the defining polynomial of Cg. By the above assumption the 
j/-coordinate of P± equals 0. Then the x-coordinate of P± can be written as x{P+) = 
Uk^e^ , x{P-) = Uk^e^ for some fci, fc2 S {1, 2, . . . , d} such that B = Bk^— Bk^- 

Now we proceed to integration calculus. Consider the polynomial (j){x) defined by 

1/1 1 1 _ <^(-) (4.1) 



27ri l^x — UfcjC-^ X ~- Uk^e^ j aAr(x) 
Define the new differential ujf by 

Wf -^^jY^, where fy{x, y) := dyfe[x, y) = ElLo' - «) ^^C^^) ^ 

V Jy[x, y) 

(4.2) 

The singularity of tOf must be contained in {x — oo} U{y — oo, 0}. (■.■ dx/ fy is always 
holomorphic over smooth plane curves). 

The following sublemmas describes the behaviour of the differential ujf. 

Sublemma 1 The distribution of residues of ujf is given as follows: 
i) Resp^LJi = +l/(27ri) + o{e°), n) Resp_Wf = -l/(27ri) + o(e°), 
iii; Respwf = o(eO), P ^ P±. 

i)-ii) Let v e TropC be the vertex which is at the foot of L and let fl be the 
sub-surface associated with v. We take small cycles 7± C which loop around P± 
anti-clockwise and which satisfy 

{x,y) e-f± ^ x = re^,y = se^^^\ Br^seR"". (4.3) 

Denote the vertical thickness of the floor of L by q' . On 7± C il, the dominant 
terms of fg{x,y) = '^ai{x)y^~'^ are ajv and UN-q'y'' ■ Then the dominant term of 
fy{x,y) =J2i^- i)ai{x)y'^~^~'^ is q' ajq-q'y'^' ~^ ■ Hence, on 7±, one has 

yfv ^ q'aN-q'y'' ^-g'flTvH . (4.4) 

For the second equation in (|4.4|) . we used fe{x, y) — 0. Then, we obtain 

T-i J-y± -q'aN{x) 

We claim that the integral on the right hand side takes the value ^1. To prove this, 
we recall the relation 

{x,y)&n = A(x,2/)=aA._,-/+aAr + o(e''^(^)+™'(^"-')). 

Hence q' of the zeros of a^l^x) satisfy the equation {x,y) — [uk^e^ ,o{e^^^^)), which 
implies these points {x,y) are in the horn containing P+. (There also exist q' points 
satisfying x = Ufe^e^,?; — o{e^^^'^) in the horn containing P-). The circles 7+ and 
7_ encircle these q' points respectively. (Figure [5]). By definition of (/)(x) (|4.ip . the 
residues of —<l)[x)/{q'aN{x)) equal ±l/q' at each pole. Therefore, by the residue 
theorem, we obtain 

/^^ = l + o(eO), = -1 + o(e"). (4.6) 
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Figure 9: A sketch of H.. The sphere has finitely many horns. Each horn is 
associated with Ei. 



(iii) Let P e {{x ~ oo,0} (J {y — oo,0}) \ {P+,P-}. Defining a circle 7 in the 
appropriate sub-surface, we can assume that 7 surrounds one horn containing P. Let 
L' be a leaf and q" be the vertical thickness of L' . The leaf L' :(a) contained in 
Gn = {Y = -^(X)} and 7 does not surround any pole of uj{ or (b) contained in 
{Y < Af{X)}. In case (b), the dominant term of fg is neither aj^ nor aj^^qiy'^ , and 
so there exists positive 5 such that |ajv| < e"^ Therefore we have 

. r /{0(:r)/(-g"aAr(x))}da: {L'cGn) 

\ o(eO) (otherwise) ' ^ 

which yields J ojf ^ o{e'^) (cf. 



Sublemma 2 i) uj[ — o(e") Vz, ii) ujf E T . 

i) Let E be the edge associated with cui. The edge E : (a) contained in G^r = {Y = 
M{Xy\ and Qfi does not surround any pole of Wf or (b) contained in {Y < J\f{X)}. 
In each case, the Residue theorem and (j4.7p immediately leads to the evaluation: 
L.^f = o(e"). 

ii) Let us decompose Pi = Piie) into finitely many parts. Denote one of these 
portions by 'Je{(^)- It is sufficient to prove the finiteness of the limit of integral for 
arbitrary simply connected region Z/^ € V{f) and arbitrary path 7e(6') : (0, 1) x [0, 1] 
U. Moreover, we can assume jJ^iU) is contained in some cylinder. Let E be the 
associated edge. U E Gn, it follows that ujf = o(e°) by (|4.7p . Let E c Gn- 
Denote the vertical thickness of E by q. Let x = rie^^ be the x-coordinate of 7^(0) 
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and X = r2e^2 the x-coordinate of 7e(l)- Then, 
4 ^ = ^Nix))} dx + o(eO) 

= (-2g7ri)-i {{^ - Uk.e^)-' ~{x~ Uk,e''r^}dx + o{e°) 
= (-2g7ri) log — -— ^ • — — ^ \ + o(e") 



r 2 6-^2 






- Ufc2 






















r2e-^2 


- Ufc2 



Recalling that e = e^^/"^, we conclude that the expression in the last line converges 
to the finite number 

(-2q7ri)"\ (-2q7ri)"Mog(ufci/Mfc2), or (-2g7ri)^Mog (wfc^/wfej 
when e ^ 0+. ■ 

In the final step of the proof of Lemma [4. 3. 2[ we use the Riemann bilinear relation 



ELi {A[B. - A.B[) = 27ri • Res^, {^^'^) ' ^^'^ (4-8) 



0;*^^^ is of the third kind. lj'^^ is of the first kind. 

Applying this formula for tof (of third kind) and LUi (of first kind) (i = I, . . . , g), we 
obtain 

4 - • Ef=i iU ^i) - (1 + o(e°))(/;: ^i). (4.9) 

due to Sublemma I and 2 (■.• A'^ = J^j, yl^ = o(e")). On the other hand, applying the 
formula for uop^-p_ and Wi, we obtain 

Jf^^ujp^^P_ = Jp+ uj^. (4.10) 

Thus, we derive 

4 (^f - {1 + o(e")} . c.p,_pj = o(e") X ^Li (^ c.,) (V*), 

which implies Wf — {1 + o(e")} • ujp^^p_ E Ai. This relation can be rewritten as 
(1 + o(e°))cjp_^_p_ eM+J^, or t^p_^_-p_ eM+J^. ■ 



4.3.2 Differentials associated with edges 

Next we consider differentials associated with edges. Let E' C TropC be an edge of 
multiplicity m. By rotation, it can be assumed that E' is vertical without loss of 
generality. Denote the horizontal thickness of the vertical edge E' by w. 
Let E' = {(B, (1 - t)Ya + tYi) \ < t < < Yi} and 

{the ceiling of E'} c G/+i = {Y = Afi+i{X)}, 
{the floor of E'} <zGi = {Y = Mi{X)}. 
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By definition, it follows that Yi = Ni+i{B) and Iq = J^i{B): Because E' is of 
finite length, it follows that 1 < 7 < A'' — 1. The defining polynomial fe{x., y) of is 
of the form 

where c, Uj e , A, Bj e Q>o, n e N. We rewrite the polynomial a/(x) as 

where is the horizontal thickness of E' and Bj ^ B {j > w). Let E' = EiJl- ■ -JlEy; 
be the decomposition into edges of multiplicity one. Note that the horizontal thickness 

of Ei equals 1 . 

We define the differential associated with the edge E = Ei by: 

_ <f>{x) ■ y""-'-^ dx ^{x) _ 1 -1 

fy ' aj{x) ' 2tt\ {x — me^)' 

Let {x, y) = [re^, se^) be a point on C^. Assume {X, Y) e Gj = {i^ = A/^X)} 
on the edge of vertical thickness q. If J = /, / + 1, we can use the estimation 

_/ (iV-/ + g)a/_gj/^-^+9 + (iV-/)a/y^-^ + --- ( J = /) 
y/!/ - I {N-I-q) ai+gy""-'-" + (N - I) aiy""-' + ■■■ {J = 1 + 1) 



-{ 



-qaiy""-' + ■■■ (J = I) 
qaiy^-' + --- {J = 1 + 1) 



This implies that 

r {-</)(x)/ga,}dx if (X,y)GG, 
'^^ ^ \ {</>(a:)/g a,} if {X, Y) e G,+i • ^^■'^> 

If J ^ 1,1 + 1, ai y^~^ cannot be a dominant term of yfy, and it follows that 

LJE = o{e°)dx if {X,Y)&Gj [J T^I,I+1). (4.13) 

Next we study the estimation of on vertical edges. Let M c TropG be a 
vertical edge whose ceiling is contained in Gj+i and whose floor is contained in Gj. 
Let us rewrite the expression of into 

(•.■ Y = ~U smooth curve G^). 

Due to the definition of M, the dominant term of fe{x, y) on 

{(x,y)|(val(x),val(2/))GM} 

is aj y^~'^ ■ We claim that the dominant term of fx is a'j y^~'', where a^(a;) := -^ai{x) 
e.ndf,^j:^a'^y^-\ 



Lemma 4.3.3 The dominant term of fx on M is a'jy 



N-J 
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We consider the difference vai (a^) — val (a'J (1 < i < N). Let 

M = {{Bo, (1 - t)Y2 +tY3)\0<t<l,Y2< Y3}, 
and tti = ce-^^x"^' Y[j {x — Uije^^'^). Then, is of the form: 

From this expression we see that 

val (0,(2;)) - val (a-(a;)) < val (x). (4.14) 

On the other hand, if i = J, aj{x) is of the form 

a J = cje^'x"' n, (a; - wj^e^'^-), H{i I Bo = Bj,,} > 0. 

Let A :— {j \ Bo — Bjj}. We can assume A — {1,2, . . . ,w'} hy exchanging the indices 
if necessary. Again we consider the derivative a'j. Among the factors 

x-u,iie^°, x-u,i2e^°, x-uj^^,e^°, 

{x — uj^k£^°) is the only one that becomes very small when we take x — uj_ke^° + 
o{e^°) because of the genericness condition in Section [3] Thus, for fixed fc e A, it 
follows that 

X = uj.fee^" + o{e^°) a'j{x) - cje^'^x"' \{{x - uj.jB^-'-^) (4.15) 
which implies 

val [aj{x)) - val {a'j{x)) = = val (a;). (4.16) 
Therefore, (|4.14p and (|4.16p give rise to 

I X = uj^ke^° + o(e^") {3k) 
\ vaUajy^-O < val(a,2/^-0 
^ val(aS2;'^-')-val(a,:2;^-0 

< -val (x) + val (a'jy^--^) + val {x) - val (a-y^"') < 

for each z = 0, 1, . . . , A^. In particular, we can conclude that ^ a'jy^^'-' on M. ■ 



Recall that the floor of E is contained in G/, and that the floor of M is contained 
in Gj. From the explicit form of a'j given in (|4.15p and the definition of (t){x) (|4.1ip . 
we obtain 

- 4>{x)y '^//a;|(val(x),val(a))GAf 

(27ri)-i +o(e") ( J = / and x = uie^ + o(e^)) 
o(e°) (J = / and a; = Wje^ + o(e^), j > 1) . 

o(e°) (J^/) 



(val (x), val (y)) e i\/ 
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These relations lead to the following: 



, {2ni)-\dyly) (val(a;),val(y))e£; , . 

1 o{e°)dx ival{x),valiy)) e M ^ E ' ^ 



The three equations (|4.12p . (I4.13P and (|4.17p gives us the singularities oi ue- Let 
Li be the leftmost leal ol Gj and L2 be the leftmost leal ol Gi+i. Denote the vertical 
thickness ol Li {i — 1, 2) by qi and the multiplicity by m^, respectively. Let us consider 
the decomposition Li — Li^i 11 Li^2 11 • ■ ■ 11 Li^mt and denote the vertical thickness ol 
Lij by qi^j {qi = qi^i + • • • + qi,mi), the horn associated with L^j by Eij-, the vertex 
that is the end point ol Li by Vi and the sphere associated with Vi by fJ^. 

The set ({a; = 00, 0} U {y = 00, 0}) n S^.j has only one element, which we denote 
by Pi.j- Consider cycles 7^^- S rii which loop around the point P^j anti-clockwise. 
By it then follows that 

4^^^B = +(<Zi,,/gi)+o(e"), (4.18) 
4^^i5 = -((72,,/g2)+o(e°). (4.19) 

Hence, we obtain the following: 

Proposition 4.4 The differential lue has a pole with residue +qi_j /{2qi7Ti) at Pij 
and a pole with residue —q2,j/{2q2TTi) at P2,j- 



Let 7 S Hi{C^: Z) be a cycle which loops a cylinder E. We fix the direction of 7 
as Figure [TUl The integral J i-^e takes various values depending on the position of E 




Figure 10: We fix the direction ol 7 as these figures. The figure on the left shows the 
direction ol 7 lor non-vertical E, and the one on the right shows that lor vertical E. 

in Ce- Let M be a tropical edge associated with a cylinder E. 
(i) The case M = E. 

When one runs around a cylinder E, the y-coordinate runs around the origin. 
Then, by (|4.17p . we derive 

J^coE = f„+) (2^i)-if^ + o(e") = i2ni)-Hd0 + o{e^) 

= l + o(e°). (4.20) 

(n) In the case that M is vertical and M ^ E,it follows that / lue = o{e°). 
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(iii) When M C Gi\ G/+i, we consider the edge M' = Mi II M2 11 • • • U 

{M — Ml) and denote the vertical thickness of Mi by qi {qi — q/m). From (|4.2p and 
((412)1 it foUows that 

, ( qi/q + o{e°) = l/m + o{e^) {M C {X < B}) 

J7'^^ = | o(eO) (MC{X>B}) • (^-21^ 

We used the assumption that C has a good tropicahzation for the first equahty. 

(iv) When M C G/+i \ G/, one has that 

(v) When M d d {i^ 1,1 +1), one has that = o(e°). 

The remaining case is the degenerate case: G/ n G/+i 7^ 0. (Figure [Tl|) 



(vi) The case M c Gj n G/+i 

,0 



Since ajy^ ^ is not a dominant term in fy, it follows that 



L^E^o{e°). (4.23) 




Figure 11: Two subsets d = {Y = Afi{X)} and G/+i = = AA/+i(X)} may have 
intersection. The edge M is in the intersection. 



Now we proceed for the /3-cycle of w^. For this, we first calculate the integrals 
along the cylinders. Let S C G^ be a cylinder. Take a path p which runs along E. 
We calculate the integral J^^^e by using (|4.12p and (|4.17p . 

Lemma 4.4.1 Let 3 := Jpt-^E- {p runs along E). 

1. If E is associated with E = {{B, (1 - t)Yn + tYi) | < i < 1, Fo < Yi}, then 
J = -(2me)-i(Yi -yo) + o(e"). 

2. IfY, is associated with a vertical edge except E, 1 — o{e^). 

3. If E is associated with a non-vertical edge L of multiplicity m and of vertical 
thickness q in G/; 

L = {((1 - i)Xa + tXi, (1 - t)Yo+tYi) I < t < l,Xo < Xi,yo < Yi} C G/, 
then J = -(2g7ri£)-i(min [B, Xi] - min [B, Xq]) + o(e°). 
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4- If S is associated with a non-vertical edge L of multiplicity m and of vertical 
thickness q in G/+i; 

L = {((1 - t)Xo + tXi, (1 - t)Yo + tYi) I < t < 1, Xo < Xi,Yo < Yi} C G/+i, 
then J = +(2(j7rie)-i(min [B, Xi] - min [B, Xq]) + o(e°). 

5. It E is associated with a non-vertical edge in Gj {J ^ I, I + 1), then 3 — o(e'^). 

6. IfTi is associated with an edge in Gj n G/+i, then 3 = o{e'^). 

1. From (|4T7)) it follows that 

3 ^ (2vri)-i . /;;|;^ (dy/y) = (2^i)-i log{(si/so)e^-^o} 

= -(27rie)-i(Yi-yo) + -- - ■ 

2. This can be obtained from (|4.17p . 

3. From (|4l^ . 

3 ^ (2^i)-i . /;;|;; {1/qix - u,,eB)}dx 
- (2q^i)-i log{(rie^i - ti,„e^)/(roe^« - u^.e'')} 
= -{2qTriey^{mm[B,Xi] - min[B,Xo]) + • • • . 

4. This can be obtained in the same way as the case 3. 

5. This follows from (|4J3)) . 

6. This follows from g23]). ■ 

The result of Lemma 14.4.11 is easily understood by means of the tropical bilinear 
form. Let F^; C TropG be a path with direction defined by the following route: 

{X = -oo) iX^B,Y^ Yo) {X = B,Y = Y,) {X = -oo). 

Using Lemma [4. 1.11 'v^e can restate the claim of Lemma [4. 4. li as: 

3 = J^UE ^ ~{27:ie)~^ ■ ml^ ■ iT{L,TE), (4.24) 

where rriL is the multiplicity of L. Recall that the bilinear form £t{-, •) gives the 
tropical length of intersection up to sign. 

In fact, the equations (|4.20| - |¥!^5)) can be rewritten using the intersection number. 
Let 7 C Ce be a closed path surrounding some cylinder and E C Trop C be a directed 
edge. Denote the cylinder associated with E by S^;. And define the intersection 
number (7 o E) by 

{+1 (7 surrounds the cylinder Eg by positive direction) 
— 1 (7 surrounds the cylinder by negative direction) . 
(else) 

(Cf. figure ini). 

When 7 C Ce is a closed path loops a cylinder E, it follows that 

/^t^i5 = m-i(7orB)+o(eO), (4.25) 
where m is the multiplicity of the edge associated with S. 
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Figure 12: The definition of the intersection number o E). 



Poles without residue 

The differential oje also has poles without residue and we can neglect the influence of 
these poles. In fact, by (|4.20H4.23)) . we can show that x'^uje = o(e°) (fc < —1,7 C 
{val(a;) <<C 0}), which implies 

uje ~ [ h • • • H ^ Co + ciz + ■ ■ ■ ] az at2;e-^a; = oo[ 

V z" z / 

^ Cfc = o(e°) (fc<-l). 

4.4.1 A modified differential 

Let E = El YL ■ ■ ■ YL E^ be an edge of multiplicity to. Define the differential v := 
bJEi —i-^Ej, where ujEi is the differential associated with the edge Ei. Then, v satisfies 
the following: 

(i) V has no pole with residue, 

(ii) For a closed path 7 surrounding a cylinder E in C^, one has that 

J^v={^o{E,-Ejj) + o{e^). 

(iii) For a path p d which runs along a cylinder S, it follows that 

J^v = -{2nier'-£T{L,E.,~E,), 

where L is the edge which is associated with S and which is of multiplicity one. 

Now we define a new differential which is a modification of loe- Let Te = E U 
E^^'> II E'-^^ ii • • • II be the decomposition into edges. We decompose each i?^*) 
into edges of multiplicity one: rrii is the multiplicity 

of 

Now we define a new modified differential associated with E. Let 

Cje ■■= OJE + -f/^' + -u^^^ H h 

w(') = - ^bW) + - + • • • + - )} . 

For the path f ^ which is defined by f ^ := £:n£;f ^ Hsf ^ H- • •n£;^"\ we can rewrite 
the equation (|4.24p as 

Cje = -(27rie)-i^T(^, f b), (p runs along L), (4.26) 

and we also rewrite the equation (I4.25P as 

/ (i£ = (7of^) + o(e"). (4.27) 
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4.4.2 Proof of the theorem 

We have finished all the preparations necessary to complete the proof of the main 
theorem. Let X be a set of edges contained in TropC. Denote the free additive 
abelian group which is generated by the elements of Xhy Zx- 

For a closed path F contained in Trop C, choose edges Ei, . . . , i?„; Fi, . . . , of 
multiplicity 1 such that T Ei + ■ ■ ■ + e„ ^ Fi — ■ ■ ■ — = Fe Zx- Define the 
differential 

Wp := ujei + • • • + u;e„ — ^Fi • • • — '^P'm- 

By Proposition 14.41 (I4.26|) and ()4.27|) . uj'^ has the following properties: 

(i) Lj'^ has singularities in {x = oo, 0} U {y = cx), 0}. 

(ii) Let Pi, . . . , be points in {x = cx), 0} U {j/ = oo, 0} and suppose that these are 
associated with the same leaf of TropC. Then, Y11=i R.esp;(wp) = 0. 

(iii) Let a be a closed path surrounding a cylinder E which is associated with the 
edge E C TropC. Then, 

/^c.^ = (aoF)+o(e"). (4.28) 
For a leaf Too of infinite length in TropC, we define the differential lot-^ by: 



'■= t^ciPiH he 



Pi is a point in the horns associated with Fq 
s.t. Ci = Resp;(a;p) is not 0. 



(Recall 'wciPiH hc„p„' is the normalised differential of the third kind.) Summing 

these differentials of the third kind for all edges of infinite length: 

Woo := ^ wr^- 

\T^\=oo 

Then, the new differential lot '■— ^'r ~ ^oo satisfies: i) LOr — Wp and ii) cjp has no 
singularity with non-zero residue (wp is of the second kind). Moreover, by adding the 
normalised differentials of the second kind, we can assume wp is of first kind. (Recall 
that we can neglect the poles without residue.) 

Lemma 4.4.2 uj^ — uJr ^ M + T. 

Due to Lemma [4.3.21 it follows that wp^ € Ai+J^ for each leaf Too- Because A4 and 
are vector spaces, the required result is obtained soon. ■ 

Proof of the theorem. Let F = T^. , that is the closed path on TropC associated 
with the /3-cycle (3^ on C^. (See SectiongJl) By ([428)) . it follows that 

Ja, ^T,^ - Jc, - \ o(e") [i ^ j) ■ ^^■^^> 

Let u!j be the j-th normalised holomorphic differential (Section 14. 3p . Clearly, 
(|429ll means 
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or equivalently Uj — ijJTf,. G M.- Due to Lemma [4.4. 2l we obtain 

w, - wy,,^ CzM+T. (4.30) 

Consider 5x5 matrices B — (J^ and i?' = (/^ Equation (|4.30p 
can be rewritten as 

B-B' = o{e°)B + lim^^o+ l^t | < 00, (4.31) 

or {I + o{e") ■ A} ■ B - B' = B\ (4.32) 

where / is the identity matrix and A is a 5 x g matrix. On the other hand, from 
(|4.24p one concludes that B' tends to infinity when e ^ 0+. We thus obtain 

B ^ B' (e ^ 0+), (4.33) 

by taking a hmit e 0+ of (|332]). 

To conclude the proof of theorem, it is sufficient to prove that 

//3,^T,. =-(2^i£)-'-^(rft.,Tft), 
which is a mere linear combination of copies of (|4.26[) . I 
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A Genericness Condition 

In this paper, we introduced some conditions on Cg and TropC to make the problem 
easier. Let feix, y) = o-i{x)y'^ be the defining polynomial of Cg, where 

Let S SL2{Z) be a rotation of TropC. The translation 9 naturally acts on by 
X I— > x^y~^; y 1— *■ x~'^y°'. Define the new polynomial 

f%x,y) = fAx'y-^x-^y") = Y.^'^A^)y''' 

af(x) = cfe-4?x™^n, (^-<,e<.). 

To be precise, we assumed three conditions: 

Genericness condition. For fixed E SL2{Z), top{uf j) G C \ {0} are all 

distinct. 

Condition I. For each edge E, m = g.c.d.{q,w), where m,q,w respectively are the 
multiplicity, the vertical thickness and the horizontal thickness of E. 
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Condition H. For each edge E = Ei Jl ■ ■ ■ Jl qi — ■ ■ ■ — Qm, wi = ■ ■ ■ = Wm, 
where qi , Wi respectively are the vertical thickness and the horizontal thickness 
of E. 

The following relation exists between these conditions. 

Proposition A.l Genericness condition Condition E ^ Condition I. 

(Genericness cond. Cond. E) We first prove the case when £' = £'1 11 • • • II Em is 
vertical. Then it is clear that qi = ■ ■ ■ ~ qm ~ ^- The defining equation of vertical 
edge E is of the form (a + 'w)X + hY + c = aX -\- bY + c'. When we substitute 
[x, y) — {re^ , se^), {X, Y) E E into fe{x, y), the polynomial aisi-b{x)y^ is dominant. 
Moreover, we can derive the relation top(ajv-b(2;)) = 0, which gives us: 

top(r - - UijJ . . . (r - Ui^j^) =0, j = N - b, jk G {.? | Bij = (c - c')/w}. 

By the genericness condition, this equation implies that w distinct cylinders in C are 
associated with the edge E. Then m = w, which implies wi = W2 — ■ ■ ■ ^ Wm = 1- 

In the general case, we consider 6 g 5L2(Z) such that 6-E = {9-Ei)I[- ■ ■I[{6-E,n) 
is vertical. In fact, the vertical thickness and the horizontal thickness of Ei satisfy 
the relation 

q, = aqt + Pwl q, = jq^ + 5wl (A.l) 

where qf and are the vertical thickness and the horizontal thickness of 9 ■ Ei. This 
equation implies qi = ■ ■ ■ = qm and wi = ■ ■ ■ = Wm ■ 

(Cond. II Cond. I) From the equation wi — ■ ■ ■ — Wm — 1 for the vertical edge 
E = EiIL- ■ -ILEm we conclude that it is enough to prove that g.c.d.(g, w) is invariant 
under the rotation 9. This fact follows immediately from (jA.ip . ■ 



Due to the above proposition, we can claim that the only essential assumption for 
our arguments is the genericness condition. 
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